JACK UCCI [October In a similar way 1.2(h) depends on a suspension-order calculation. Let X3¡2 be the quotient space YjS(3) where Y is the 5(3)-invariant subspace DnxSn~x xSn~x u Sn-xxDnxSn-x u Sn-xxSn-xxDn of (Dn)3. The standard embedding (Dn)2 -> (Dnf, fa, x2) -+ (xu x2, e), e the basepoint of Dn, induces an embedding X2,x -> X£¡2. The quotient space X3¡2IX2¡1 has the homotopy type of a suspension space (see Proposition 2.6). Then Toda's methods can be applied to prove Theorem 1.4. (i) The suspension-order of E~x(X2tt2IXfA) is infinite.
(ii) The suspension-order of E-x(Xf:2xjXfiXx) is 3K
Apart from some cohomological calculations our procedure is that of §4 of [1] namely killing a certain attaching map by composition with a suitable map. In §1 we develop some geometry of SPmSn. In particular we study certain desuspension properties of related subcomplexes. §2 contains a lemma sharpening our focus on exactly which map should be killed. 1.4 and 1.3 are then proved in §3 and §4, respectively. The latter makes use of the mod 3 Hopf invariant.
Given a space Y many properties of its suspension EY, e.g. the group structure on [EY, Z], the suspension-order of T (which is a property defined in terms of FT), etc. admit definitions for any space Jfof the same homotopy type as EY. Thus we often speak of these properties for E~XX when we really mean the corresponding properties for Y (or EY), even though we don't know if A1 is actually desuspendable.
Most of this paper was written at the Forschungsinstitut für Mathematik, Eidgenössosche Technische Hochschule in Zürich, during the summer of 1968. It is a pleasure to thank Professor Beno Eckmann for making my visit possible. Hence we may take its orbit space under the S(/n)-action and obtain, X£tl = ft.i/i(«).
We give X^i the quotient topology. The embedding A^.v -+ A\¿, rn'rim and «',-/'< m -I, given by fa,..., xm)->(*,,..., xm-, e,..., e) induces an embedding X&j. -> X*tl. X£y0 and X£,m are the familiar symmetric products SPmDn and SPmSn~x, respectively. And X$,x is the "symmetric join" of 5n_1 with itself defined in [1] .
Lemma 2.1. X"_0 is homeomorphic to the cone CXli = XZ,iXllX¿,iX{0}.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use which sends X"Ax{l} onto the subspace i^ci;^, Remark. All cones CXin this paper will be "inverted", i.e. CX=XxI/Xx{0}. As we define the suspension EX to to be the quotient CX/X=CX/Xx{l}, our suspensions will also be inverted.
Choose a relative homeomorphism h: (£>", Sn~1)-^-(Sn, e). Then the induced map
also is a relative homeomorphism and so from Lemma 2.1 we have Lemma 2.2. X^m is homeomorphic to the adjunction space X^l\¡m-X u CX*¡X.
Here the attaching map is given by the restriction of hS{m) to X^,x-
We define the join X° Y of X and 7 as the space XxCYuCXxY. to JK2-I.1 ° 1ÏÏ*.
(ii) X^.i ii homeomorphic to the adjunction space X^A + X u CX^_l¡x x Xfo with attaching map given by the restriction ofß(a x id) (and hence of ß) to A^_(il x X"¡.
As a consequence of Lemma 2.4 we have
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Lemma 2.5. Let l^l<m. Then (i) IS.iKÜSj+i u ^m-i.i-i) andEXZ-t.t.AEXPS1 are homeomorphic.
(ii) XZjXSj+t and EX£_,A v£(JBn.u A X£,) have the same homotopy type.
(iii) XiiJXm-i,i-i is homeomorphic to the adjunction space XHij+i/Xi-u u C(X/n-i,x ° XPS1) w'tn attaching map given by the composition of the attaching map in 2.4(i) and the obvious collapsing map. With these preliminaries over we can proceed to consider the desuspension properties of the above and related spaces. Our approach will be to "desuspend up to homotopy equivalence" certain of the above attaching maps.
First we recall some elementary homotopy theory. Suppose X and X' are 1-connected and A and A' are 0-connected finite CW complexes and P A' f is a commutative diagram of maps with p and q homotopy equivalences. Then the adjunction spaces X\Jf CA and X' ur CA' have the same homotopy type. An explicit homotopy equivalence P: X\JfCA^X'\JrCA' is given by F\X=q and F\CA = C(p) the conal extension of p. We call Pthe conal homotopy equivalence determined by p and q. Our interest lies in the situation A'=EA", X' = EX" suspension spaces and f' = Ef" a suspension map. Then X\Jf CA will have the homotopy type of the suspension space EX" uEr C(EA") E(X"urCA").
We now apply these remarks to the space JfS.m-iA*»-!.«-* According to Lemma 2.5(iii) the attaching map in the adjunction space CSn'xx X£zl,x -> basepoint.
As point x CX£zx%x is also mapped to the basepoint, this attaching map factors as
Sn-1°XZZ\,XIA-^SPmSn-x¡SPm-xSn-x where A = pointxCX^z\A u CSn~x x X£z\iX is contractible (in itself). Thus the collapsing map p is a homotopy equivalence. Moreover, setting S=Sn~x and X=X^z\i we can impose a suspension structure on 5° XjA by the following (obvious) homeomorphisms:
But Ai.ô1 x À^:îtl^CSn~2 x CA and so the map inducing the lower horizontal map of (5) is obviously the shuffle map. Thus we have proven Proposition 2.6. Xn,m-ilXm-i,m-2 has the homotopy type of the suspension space
where ip is the map defined in (4), i.e. ifi is given by idxa ß
Moreover an explicit homotopy equivalence is given by the composition F° G, G the homeomorphism of Lemma 2.5(iii) and F the conal homotopy equivalence determined by the collapsing map p and an explicit homotopy equivalence is given by F ° G ° p where F, G, ^ are as in 2.6 andp: X2tX -*■ X5tX/X^0 is the collapsing map (a homotopy equivalence).
We now restrict our attention to the case m = 3. We wish to prove Proposition 2.8. X3¡2¡X^:X has the homotopy type of a double suspension space.
An important step for this is Proposition 2.9. XgJ1 has the homotopy type of a suspension.
Proof (of 2.9). By Lemma 2.4(i) XSn1 is homeomorphic to the adjunction space
Since Xl^^CXH1 the collapsing map XS,»1 u XJt,ox -> Xg^/XiJ1 is a homotopy equivalence and so the adjunction space (7) is homotopy equivalent to the adjunction space
XlSIXfc1 uffi C(Xl~x1 o Sn~3).
Here the attaching map <p is given by From this and the homeomorphisms SP2Sn~2/Sn-2 s CXl-x2/Xl-x2 = EXl~x2, EXl-x2xCSn-3 _ CXZl'xCS«-3
EXl;x2 xS"-3u point xCSn~3= X2~x2 ° Sn~3
we obtain a homeomorphism
where the attaching map y is given by
Since the map <p sends Dn~xx CSn~3 to the basepoint we obtain induced maps <p", <p", <p(lv) and the commutative diagram
The end is now in sight. To complete the proof of 2.9 we need only show that <p(iv) is homotopy equivalent to a suspension. First note that <p(lv)\E(X$tX2 ° Sn~3)
is already a suspension map since it is induced by the "shuffle" map cxu2 xcs*-*-+ CXll*.
Furthermore <p(iv) is induced by the composite hih3h2hx of homeomorphisms
Now there exists a homeomorphism h7
which is the identity on E(Xl~x2 ° Sn~3) and (h5h2hx)-x on c(sn-2°(sn-3°s,n-3)).
Here y'= y(hh2hx)-1\(Sn-2 ° (Sn~3 ° S"1"3)). <p(lv)/j7 is now induced by h6.
The attaching map q> factors as
where ,4 = point x CX2~X2 u CS" 2x Xl'x2. p2 is a homotopy equivalence and <p* becomes E</i when (Sn~2 ° Xl;x2)\A is identified as E(Sn~3 ° JST2nj2).
The attaching map / also factors as
where vi '=point x C(Sn ~3 ° 5» -3) u aS" "3 x (Sn ' 3 ° 5" -3) and px is a homotopy equivalence. Thus we have a commutative diagram with <p(v) induced by <p(lT)
P(A-S.I2 o S"'3) KJy. C(EiS"-3 o (S*"3 o S*"3))) _?_> PX3,!2 uE" C(P(5n"3 » Z3.I2)).
But <p(v) restricts to a suspension map EiX%-x2 o S"-3) -*■ EX$¡X2 and moreover maps the suspension variable of C(£(5""3 » (S"-3 « S""3))) linearly onto the suspension variable of C(P(.Sn"3 ° X2~x2)). Thus <p(v) will be a suspension map (and X3~x1 homotopy equivalent to a suspension space) if the attaching map y" is also a suspension map. But this is a simple matter of direct verification (or is obvious by construction!). We need examine only how y behaves on Sn~2xCiSn~3 ° Sn~3) since y sends pointx COS"1"3 o Sn~3) u CSn-2xiSn~3 ° Sn~3) to the basepoint (south pole). Recall that the suspension structure of £(S'n"3o(S""3oS*"3)) comes from iSn~2 x CiSn~3 ° Sn~3))/A",
Similarly that of EiXfo2 »S""3) comes from We define maps (i) CSn-3xC+X->Sn~2xC+X, (ii) C5,n-3xC_Ar-»S"-2xC_A', via the maps CSn~3^Dn-2 ^ Sn~2 and C±X%C±X.
In (i) the boundary Sn~3 x C+A u CSn~3x X is mapped onto point x C+ X u Sn~2 x X and in (ii) the boundary Sn 2 x C_ X u CSn-3 x X onto pt x C_ A u S""2 x (X u A"). and so the map (10) is obviously homotopy equivalent to a suspension map. And it follows easily that the map (11) is also homotopy equivalent to a suspension map.
As the map/' of (9) factors as Zx -£. XlJIXîï u CLAl.l2 ° Sn'3)
A"
we see that to prove/' is homotopy equivalent to a suspension, it suffices to prove that/" is. Note that
Sn~2xX
-iw ■■vx
The rest of the proof consists of two steps.
Step 1. /"|(5n"2 x X)HSn~2 V X) is homotopy equivalent to a suspension. and so restricts to a suspension map E(S"~3 ° AJj2) ->■ EXS,1a, and on
is the conal extension of the map 
EA u CÍPÍS11-3 ° F)) u CÍPÍS"1"3 ° 7)) -> EB u C(P(y ° S""3))
with the bottom horizontal map a suspension. And in fact by Lemma 2.1 of [1] X2~xl is a suspension. However we can also give a self-contained proof using the homotopy equivalence XiH1 ->■ EY' of Corollary 2.7. Since the attaching maps ax, a2 (and y) send (Sn~2 ° XX¡0)(XX¡0 ° Sn~3) to the basepoint, we obtain a new diagram similar to (12) with EY' and Y' replacing X2~xx and Y respectively. The conclusion again is that the bottom horizontal map is a suspension. Whence XS.2¡X2,i has the homotopy type of a double suspension.
Remarks. 1. For m = 2 the preceding argument would suffice to prove that X2,x/XXi0 (and hence A"2>1 itself) has the homotopy type of a double suspension. However Lemma 2.1 of [1] asserts much more: A2il is homeomorphic to the join 5«-i 0 pn-i 0f £n-i wjtn reai projective «-space Pn~x. The subsets of A"2>1 corresponding to the "ends" of this join are 5n_1s{[x, x] e A2>1 |xE5n_1} and Pn'x^{[x, -x]e X$,x | xeS""1}.
It seems reasonable to conjecture that either A"m,m-i or AS.m-i/AS-i.m-, is homeomorphic to a join of the form 5""1oZfor some subcomplex Z (the problem is to determine Z). 2. Of immediate concern for constructing nontrivial maps SPmSn -*■ Sn would be the result that A"^m_1/A"_1,m_2 has the homotopy type of a double suspension for all m (not just m = 2 or 3). The techniques of this paragraph seem suitable for this. What is needed is (a) X*~xx has the homotopy type of a suspension, and (b) the "shuffle" map Sn~2 ° X£zXtX -»■ X^7X is homotopy equivalent to a suspension map. 
The common domain of (iii) and (iv) occurs when tx = t2-1 in which case (i) and (ii) reduce to M*[x, su]. When s= 1 (i) and (ii) are consistent with N't + 1\Di = N[i. This is clear for Xii+XAxCX^z}^X-x since the attaching map of (i) sends X?+ifl xC'XiZfc,!,! to Ct and N'ti\C¡ = N¡. On the other hand <p\\CX^XAx X^z}.x¡1, viewed as a map into SP'Sn u CJ'+u, is the identity on CA"(n+1>1; furthermore /+1|CA7+lil is given by M\ Thus A''i|CAr/l+lil x A5-*-i.i agrees with (iv) above. Finally when u = 0 we get the constant map and when u= 1 we get/i+i<pi+i. This completes the proof of 3.1.
We conclude this paragraph with a simple observation about the integer km,n defined in the introduction. contains an element of infinite order.
(ii) That ErXn,m-u f£-1, is simply connected is an easy consequence of (1) SPmSn~x is (« -2)-connected, (2) Lemma 2.4, (3) induction on«?, and(4)thevan Kampen Theorem. Hence to prove (ii) it suffices by Theorem 1.5 of [6] to prove that the reduced homology /7*(A,£m_1; Z) is finite and has q torsion (q a prime) exactly when q■¿m. This we do by induction on m. For «7 = 2 it is well known that H*(X2,X; Z) consists of only 2-torsion. By the cohomology exact sequence of the pair (AS+i,m, AS,m-i) and induction it suffices to prove that In addition to ¿¡r-torsion, q<p, H*iEX*~x1; Z) has one copy of Z (and that in dimension in-l)p) and has cyclic /^-torsion only in dimensions (« -l) + 2kip -1) + 1, k = l,2, ...,t -l. From the previous description of the attaching map it follows that /7*(A'pip_1/A'£_liP_2; Z) is finite, has ^-torsion for q<p, and has cyclic/7-torsion only in dimension (n-l) + 2kip -1)+ 1, k-l, 2,..., t. Now the remaining steps in the proof are a repeat of those given in §2 of [7] . Since all the p-torsion occurs in odd dimensions, it all survives to Ex. Clearly since there are t Ex-terms (all contributing to (KUy)~) containing cyclic /7-torsion (FF1)~(Ap%_1/A"^_lip_2) will contain an element of order pl if its />primary part is cyclic. Coefficient F-theory and the Universal Coefficient Theorem will suffice for this. /?*(Ar^p_1/AJ_1,p_2; Z") consists of 2/ copies of Zp and the initial differential í/2p-i (of the Atiyah-Hirzebruch spectral sequence converging to (KU*)~( ; Z")) kills all but two copies of ZP, one in an odd dimension and the other in an even dimension. The Universal Coefficient Theorem then implies that (KUx)~(X^¡p_ilXp _i,p-2) is cyclic. This completes the proof of 3.2.
For the suspension-order determination of A3p2/A2>1 and X32 we require more precise information on ß*(Xi,aIXlx; Z) andH*(XS,2; Z). we need only prove that <p* is an isomorphism when restricted to the direct Summand H*(EnXl~iX; Z). Now <p factors as sn~x° xs.xx
where <p is induced by the composite Sn-ix sp2sn~x -?X SP3Sn~x-^ sp3sn-x¡sp2sn-x.
But pfu = ux + u2 where u, ux, u2 are («-l)-dimensional cohomology generators (of infinite order). By Nakaoka [2] the direct summand /?*(FnA21j1; Z) of H*(SP3Sn-xISP2Sn-x;Z) is represented by the classes u(o2Sq2iu) and so (p*(u-82Sq2iu) = Ui <g> 82Sq2iu. But H*(EnXl~x1; Z) lies in the image of p% and so the result follows. Our situation is analogous but with one important exception: the dimension restriction is not applicable. So we consider the mod p Hopf invariant Hp, p an odd prime (we assume the reader is familiar with the relevant sections of [5] ). Hp is defined by the commutative diagram The group on the left is isomorphic to [EK, s2pm~x; p] so whenever the latter is trivial, A: is a monomorphism. We use this observation in 5.2, but first we have Lemma 5.1. Suppose Hi(E2K;Z) = 0 for all i>pn-(p-l), n = 2m + l, and qHvn-^-X)(E2K; Z)=0 for some integer q.
